1. Introduction. Let K be an imaginary quadratic field and H the Hilbert class field of K. Let E be an elliptic curve over H with complex multiplication by K. We suppose that E is a K-curve, that is, for each σ ∈ Gal(H/K), E σ and E are H-isogenous. We denote by B = R H/K (E) the abelian variety over K which is obtained from E by restriction of scalars. We will show that one of the following three cases holds (see Theorem 3):
(i) B is a simple CM-type abelian variety over K.
(ii) B is isogenous to a product A × . . . × A of a simple non-CM abelian variety A such that End K A ⊗ Q is commutative.
(iii) B is isogenous to a product A × . . . × A of a simple non-CM abelian variety A such that End K A ⊗ Q is a division quaternion algebra.
Some examples of these cases are discussed in Section 4. In [B-Gr] and [Gr] , Q-curves are treated under the assumption that the class number h of K is odd. Such a curve E is a K-curve satisfying the condition: E τ and E are H-isogenous, where τ is the complex conjugation. In this case, it is shown that B is a simple CM-type abelian variety (see [Gr] , § 15).
Throughout the paper elliptic curves have complex multiplication by K and the following notation is used:
the idele group and the idele class group of a number field k, • R k/M (E) -the abelian variety over M which is obtained from an elliptic curve E over k by restriction of scalars to M .
K-curves and descending characters.
Let M be a finite extension of K and L be a finite Galois extension of M . Let E be an elliptic curve over L with complex multiplication by K.
and we obtain (cf. [Gr] 
In case K = M , the theorem is Théorème 4.1 in [G-Sch] and since our assertion is proved similarly, we omit its proof. If L = H, we have the following:
Proof. Since R = End K B ⊗ Q is commutative by Theorem 1, it suffices to show that R is a field of degree [H : M ] over K. If M = K and h is odd, the proof is given in [Gr] , Chap. 4. Our proof proceeds similarly. Let Y be the subgroup of Cl(K) corresponding to M . Let a be an integral ideal in Y . One can associate with a an M -endomorphism t(a) of B with the following property: If a n ∼ 1, then t(a) n ∈ K and a n = (t(a) n ) (see [Gr] , Chap. 4). For a prime number p, let Y p be the p-Sylow subgroup of Y and put p
for the group of p r th roots of unity and put K = K(µ(p r )). Now we use the following lemma which follows from [W] , Lemma 13.27.
. Now assume p = 2. It suffices to consider the case when h > 1 and the exponent of the group Y 2 is greater than 2. Then
. In the restriction inflation sequence
the image of i corresponds to the extension K 1 /K. From this we see that T 2 is a field over K of degree 2
r is injective by Lemma 1. This completes the proof of Theorem 2.
The abelian variety R H/K (E)
Lemma 2. Let M be a subfield of H containing K. Let E 0 be an elliptic curve over H with an M -character. Let E be a twist of E 0 corresponding to a quadratic extension k/H. Then
(i) E is an M -curve if and only if k/M is Galois. (ii) E has an M -character if and only if k/M is abelian.
Proof. Let ψ 0 , ψ be Hecke characters of E 0 , E, respectively. Then by [Gr] , Lemma 9.2.5, we have ψ = ψ 0 ·χ, where χ : I H → {±1} is the character associated with the extension k/H. [Gr] , §11). Our assertion follows from the equivalence of the following assertions:
(
(ii) If k/M is abelian, our assertion is clear by Theorem 1, since
, where φ and φ 0 are characters of I M . As E 0 and E are isomorphic over k, φ and φ 0 coincide on the norm subgroup
This implies that P H = P k , which shows that k/M is abelian.
Theorem 3. Let E be a K-curve over H and put B = R H/K (E) and R = End K B ⊗ Q. If E has a K-character , R is a field of degree h over K. If E has no K-characters, then the center Z of R is a field of degree h 0 over K with h = 2 2m h 0 (m ≥ 1) and one of the following two cases holds:
Z). In this case, B is isogenous over K to a product of A with itself
2 m times, where A is K-simple, 2 m h 0 -dimensional and Z = End K A ⊗ Q. (ii) R ∼ = M 2 m−1 (D),
where D is a division quaternion algebra over Z. In this case, B is isogenous over K to a product of A with itself
Proof. Choose an elliptic curve E 0 over H with a K-character such that j E = j E 0 (see Remark 2). If E and E 0 are isomorphic over H, our assertion follows from Theorem 2. Assume that E and E 0 are not isomorphic over H. Since it suffices to consider the case h > 1, there exists a unique quadratic extension k of H such that E and E 0 are isomorphic over k. Then k/K is Galois by Lemma 2 and we have an exact sequence
Lemma 3. Let C be the center of G = G(k/K). Then C contains G(k/H) and G/C is an elementary abelian group of order
2 2m (m ≥ 0) with 2m ≤ dim Cl(K)⊗F 2 . If G is non-commutative, there exist x 1 , . . . , x m , y 1 , .
. . , y m ∈ G which induce a basis of G/C and satisfy the following commutator relations:
Proof of Lemma 3. Since the commutator map
induces a non-degenerate alternating form on G/C × G/C, our assertion follows easily.
If E has a K-character, then R = End K (R H/K (E)) ⊗ Q is a field of degree h over K by Theorem 2. Now we assume that E is a K-curve but has no K-characters, which means that G is non-commutative by Lemma 2. Let m ≥ 1 be as in Lemma 3 and put h 0 = h/2 2m = |C/{±1}|. Write M 0 and M i for the subfields of H corresponding to C and x i , y i , C , respectively. As G(k/M 0 ) = C is commutative, we see that E has an M 0 -character by Lemma 2 and Z = End M 0 (R H/M 0 (E)) ⊗ Q is a field over K of degree h 0 by Theorem 2. On the other hand as G(k/M i ) is non-commutative, E has no M i -characters by Lemma 2. Then by taking L = H in Theorem 1, we see that
is not a direct product of fields. As D i is semisimple, this means that D i is a non-commutative subring of R containing Z. By the map G → G(H/K) ∼ = Cl(K), x i and y i determine elements of Cl(K) and as in the proof of Theorem 2, they correspond to elements s, t of D i . We see that D i = Z [s, t] and s 2 , t 2 ∈ Z. According to [Gr] , p. 47, st and ts differ by a root of unity in K; we get st = −ts. Therefore D i is a quaternion algebra over Z. For j = i, we also have
where s , t are elements of D j corresponding to x j , y j , respectively. Let N be the subfield of H corresponding to x i , x j , C . Since x i , x j , C is commutative, E has an N -character by Lemma 2, so that D = End N (R H/N (E)) ⊗ Q is a field by Theorem 2. As s, s ∈ D ⊂ R, we have ss = s s. The same arguments show that elements of D i commute with those of D j . Consequently,
In the Brauer group, the class to which R belongs is a product of quaternion algebras; this implies that Proof. The inequality 2m ≤ dim Cl(K) ⊗ F 2 in Lemma 3 implies that G(k/K) is commutative. Our assertion follows immediately from Lemma 2.
Examples.
We are going to discuss examples which show that both cases (i) and (ii) of Theorem 3 are possible.
Let p 1 , p 2 and q be three rational primes such that
Let q be the prime ideal of K with q 2 = (q) and α q denote the quadratic residue symbol mod q. Let φ 0 be a Hecke character of K such that for any principal ideal (α) of K prime to q,
There are h such characters (see [S2] , p. 527, Example 3). We assume that ( * ) the 2-Sylow subgroup of Cl(K) is isomorphic to Z/2Z × Z/2Z.
. Let k be a quadratic extension of H such that k/K is Galois with non-commutative Galois group. Then G(k/K 0 ) is of order 8 and is isomorphic to either the quaternion group or the dihedral group. Let E 0 be an elliptic curve over H which corresponds to the Hecke character ψ 0 = φ 0 •N H/K . We write E for a twist of E 0 with respect to k/H, so that the Hecke character of E over H is ψ = ψ 0 ·χ, where χ is the character defined as in the proof of Lemma 2. If we put D = End K 0 (R H/K 0 (E)) ⊗ Q, then we see that
where Z is the center of R. For the prime ideal p i of K with p = −1 (i = 1, 2), we see that R is a division quaternion algebra over a field Z of degree 3 over K.
